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ON CHARACTERIZATIONS OF W-TYPE SPACES

B.B.\Waphare*

Abstract:

In this paper we obtain new characterization of certain spaces of W-type.
Keywords: W-type spaces, Hankel type transformation, Bessel type function.
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1. Introduction: The spaces of W-type were studied by B.L. Gurevich [5] and I. M. Gelfand and
G.E. Shilov [4]. The investigations of the behaviour of the Fourier transformation on the W-
spaces are done in [4] and [5]. Also W-spaces are applied to the theory of partial differential
equations. These spaces are generalizations of spaces of S-type [3].

Pathak [6] and Eijndhoven and Kerkhof [2] introduced new spaces of W-type and
investigated the behaviour of the Hankel transformation over them.

Motivated by the work of Pathak and Upadhyay [7], we give new characterizations of the

spaces of W-type introduced in [2]. In our investigation the Hankel type transformation defined

by

o0

hep (&) () = f v ) @B () ¢ dy,  x€ (0,%),
0

plays an important role, where as usual J; denotes the Bessel type function of the first kind and

order A. Throughout this paper (a — B) will always represent a real number greater than —1/2.
From [1, Corollary 4.8], it is known that h,g is an automorphism of the space

S, constituted by all those complex valued even smooth functions ¢ = ¢(x), x € R, such that

Pmn (@) = Sup,erlx™D™ ¢p(x)| < o, forevery M,n € N.
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Moreover h;j?, the inverse of h, g, coincides with h, g on S.. Throughout this paper K will
always denote the following set of functions.

K={M € C*([0x)): M(0) = M'(0) =0, M'(x) = and M"(x) >0, x € (0,0)}.

MX will represent the Young dual function of M ([4, p.19]).

Interesting and useful properties of the functions in K can be found in [2] and [4]. Following [4],
we define the W-spaces as follows:

Let M,Q2 € K and a,b > 0. The space W, , consists of all those complex valued and smooth

functions ¢ on R such that for every m € N — {0} and k € N there exists C,, , > 0 for which

IDEG(x)| < Cpy e M@-1/mixD) -y e R,
The space W**? consists of all entire functions ¢ such that for everym € N— {0}andk € N

there exists Cy,, , > 0 for which

1zZ%¢ (2)| < Cpx eg(b(H%)“(Z)l), z € C.
Ejndhoven and Kerkhof [2] investigated the behaviour of the transformation h,; on the
subspaces of the W —spaces defined as follows :
A function ¢ is in We,, , (respectively, W**? and W,f,ff). We now introduce new spaces
of W —type.
Let QM €K, a,b>0 and 1 <p <. A complex valued and smooth function ¢ = ¢(x),

x €= (0,0)isin W e? if and only if ¢ belongsto S, and

a,f,M,a

k
||eM[“(1‘1/m)x]Aarﬂ¢(")” < wforeverym € N—{0}andk € N.
p

Here and in the sequel ||-]|, denotes the norm in the Lebesgue space L, (0,0). By A,z we
denote the Bessel type operator

x*B=2p x*@ p,
The space W eP**P consists of ¢ € S, that admit a holomorphic extension to the whole
complex plane and that satisfy the following two conditions:

(i) there exists € > 0 such that for every k € N, we find C;, > 0 for which

12X ¢ (2)| < C e(Pell@D) 7 ¢,
(i) SupyER”e"Q(b(“H) 1) (x+iy)md>(x+iy)|| <o, for every n € N—{0} and
14

m € N.
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A complex valued and smooth function ¢ = ¢(x), x €l isin W el ® if and only if, ¢
is in S, admitting a holomorphic extension to the whole complex plane and ¢ satisfies (i) and

M a(1-1/mxl-Q[b(1+; )'3’|D¢("+‘y)|| < o foreverym,n € N —{0}.

(iii) Supyer || € ”

In Section 2 we establish that W e? =W eya, WeP =W e and W el" =

a,B,Ma —
WeM forevery (@ —B) > —1/2and1 <p < .

Throughout this paper for every 1 < p < o we denote by p’ the conjugate of p (i. e.p = ﬁ).

Also by C we always represent a suitable positive constant, not necessarily the same in each
occurrence.

2. Characterizations of We —spaces: In this section we prove by using the Hankel type

pr

transformation hgz,that Web,,  =Weyq , WeP?P =W e and W el;;” =W ey,

forevery (¢ — ) >—1/2and1 <p < .
Lemma2.l:Let 1<p<owand(a—p)>—-1/2.ThenW e? apmq 1S cONtained in Wey 4.

Proof: First assume that 1 < p < oo. Let ¢ bein W e? Define

aBMa’

Y () = hap () ) = [ ey) @B Jo_p (xy) p(x) x** dx, y € C. (2.1)
According to Corollary 4.8 in [1], ¥ is in S, . Moreover, the last integral is defined for every
y € C . In fact, for every y € Cand n € N — {0}, by virtue of (5.3b) of [2] and Holder’s
inequality

we have

(Xy) ( )]a—B (xy) |¢(X)| X dx <C e ey |¢(X)| X dx
0

<C f exlI(y)I—M (a(l—l/n)x)eM (a(1-1/n)x) |(]5(X)| x4 dx
0
1/p’

C f|exll(y)—M(a(l—l/n)x)|x4a|p’dx
0

IA

1/p

jleM(a(l—l/n))xqz)(x)lpdx
0
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1/p’

<C f|ex|1(y)—M(a(1—1/n))x4a|p,dx

0
Moreover, denoting as usual by M* the yong dual of M, according to well-known properties of
M* ([4]) we obtainforeveryx €1, y € C, nnm € N—{0}, where 1<m<n,

I
A~ M@ - 1) = ]

G- a(1-1/m)—M(a(1-1/n)x)

<M(a(1-1/m)x) — M (a (1 — %) x)

1{6D]
+ M <a(1 — 1/m)>

< -M (a(%—l/n)x)+ MX <a(11—(—31])/m))

Hence for every m,n € N — {0} with 1 < m < n we can write

j |Gy)~ @B [y G| 1)) %% dx
0

00 P
1 : 162]
<C fe‘M(a(m‘l/”)x)x‘w dx) /P eMX<a(1—1/m)>
0
x( 1(6D]] ) ’
=Ce ‘ofmygm/, y € C, because lim M (x) = .
X—0

If p = 1 or p = oo we can argue in a similar way.
Thus we conclude that the integral in the right hand side of (2.1) is a continuous extension of
to the whole complex plane. Moreover, by proceeding in a similar way we can see that it also is

entire. Such an extension will be denoted again by . Note that 1 is an even function.
We prove that ¢y € W eM Y s simple to deduce from Lemma 5-4-1 of [9] that for
everyk € N
YR ) = (D [ ay) P g (xy) As 5 [p(0)] x** dx, y € C.

Then, proceeding as above, we get forevery k,m € N, m > 1,

00

Y2y )] < f |G @B Jup G| |AE 5[ (0] 1% dx

0
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<C f eX 1O x4 | A 5 [p(x)]| dx
0

1{6%]

<C eMX(a(l—l/m)) ,y € C. (2.2)

Hence yp € W eM™: 1/a,
Since h, g = h,% on S, , according to Lemma 7.4 of [2], we conclude that W e? is
B a,fp a,f,M,a
contained in W ey, .

Lemma2.2: Let1 < p < ooand (a« — f) > —1/2. Then W ey q is containedinWep 5, . -

Proof: By virtue of Lemma 7.3 of [2], hyp (W enq) € W eM* 1/a,
Since hyp = h;}; on S., our result will be established when we see that h, g (¢) is in

W eP

a,fMa -

Note first that according to Corollary 4.8 of [1], h, 3 ¢ isin S,. Let k € N. By involving

Lemma 5-4-1 of [9] we can obtain that

BE g hap (9) () = (1) he (2% ¢ () (), x €1, (23)
A procedure similar to the one developed in the proof of Lemma 6.1 of [2] allows us to write, for

everyx >1landt > 0,

1 oo

Mg hap (9) () = 5 j (x@+@) P HY (x(o+ i) ¢ (0+ i)

— 00

% (O' + iT)z(a—ﬁ)+2k+1 do,
where H(S/)g denotes the Hankel type functions ([8], p.73).

Now for every x > 1 and t > 0 we divide the last integral as follows :

o)

[ o+ @) “PHE(x0 + D) ¢ (0 + Do + B dg

— 00

+ (x(a + ir))_(a_ﬁ) Héll);
|x(o+iT)|<1 |x(o+iT)|>1

X (x(o+i1)) ¢ (0 + i1) (0 + ir)2@P+2k+ g,

We will analyze each of the integrals separately.
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Assume first that (¢ — ) = 1/2. On one side by using (5.3 c) of [2], we get for every n €
N — {0}

|(x(0 + ir))_(a_ﬁ)

|x(o+iT)|<1

Hc(rll)? (x(a + if)) ¢ (o + it) (0 + ir)2@ B+2k+1| g5

<Ce™ jlgb(a +it)| do

_ X .
<Ce xT+MA[1/a(1+1/n)T], x>1 and t>0;

On the other hand, by using again (5.3c) of [2], for every n € N — {0}

—(a=p)

x(o + i1) HY (x(o + it) d(0 + it) (0 + ir)2@ F+2k+1) g 5
ap

|x(o+it)|>1

<Ce™ fjooo|¢ (0 +i1) (0 + ir)2@=F+2ktt|gq (2.5)

< C e~¥v+M [1/aCt+1/m)1] x>1landt > 0.
For fixedn € N — {0}, we choose 7 > 0 such that
v (G () = e
a n)t) 1+1/n)
Then from Lemma 2.4 of [2] we have

—xt+ M*(1/a(1+ 1/n)r) — M( = ) : (2.6)

1+1/n

Hence by combining (2.4), (2.5) and (2.6), it follows that

|A§,B ha,ﬁ (¢)(X)| <C e_M[ax(l‘ﬁ)]' x>1,andneN
Note also that, if —1/2 < (e —p) < 1/2, by involving (5.3.d) of [2] one has

|A§.B hop ¢ ()| <Ce™ f |p(o + it) (0 + ir)*F+2+1/2|dg, T> 0

and x > 1.
Proceeding as above, we conclude that

Ak g hep (@) ()| < € e~ MlaxC=t/mI % > 1 and m € N —{0}.
Now let x € (0,1) and m € N — {0}. According to (5.3b) of [2] we have

|eM[ax(1—1/m)] Alé,ﬁ [ha,ﬁ (9) (x)]| = |eM[ax(1—1/m)]ha‘B(ZZR¢(Z))(x)|
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<C f O.Z(a—ﬁ)+2k+1 |d)(0')| do
0

because M is an increasing function on (0, ) .
Hence, forevery k € Nand m € N — {0},

|eMlex Q=1 /mIAL s Ry p (D] <€, x>0,
and,ifm € N—{0}, k € Nand 1 <p < oo, then

1/p

Ule laxG-1/mipk b, o (¢) (O dx}  <cC

because

f e—pM[GJC(l/m_ﬁ)] dx < .

0
Thus we establish that hy g ¢ € W eaBM q » 1 < p < o, and the proof is completed.
From Lemmas 2.1 and 2.2 we deduce
Theorem2.1: Forevery 1 <p <oand (@ =) > —1/2, Wel,, =W eyq .
Lemma 2.3: Let 1 < p < o . Then W e??*? is contained in W e+? .
Proof: Let ¢ be in W eP®P, Assume that (« — ) > —1/2. Proceeding as in the proof of
Lemma 2.2 we can establish that for every k € N there exists £ = £(k) such that
A s hep (@) )] <Ce™™ [T |p (o +iD)| (lo + itl® + 1)do, 7, x € (0,00).
Hence, according to Holder’s inequality and (2.6), we obtain foreach k € N, m € N — {0}

and suitablez > 0

1
B0 g ey (@) G0

oX [ (1-m)x]-2[5 (157
ste {f(1+oap}

e 1/p

x { f e () (1o + it + D(lo + i1l + Dlp(o + D))} da}

— 00

1/p’

<C(C,x € (0,),
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provided that 1 < p < co. When p =1 or p = co we can proceed in a similar way. Thus we

prove that hy s (¢p) € W e s ox ;- Therefore Theorem 2.1 shows that hy g () € W egx 4y -

Since hy g = h;}g on S, it is sufficient to take into account Lemma 7.3 of [2] to see that
¢ € W e®P, and the proof of this lemma is complete.

The next result is not difficult to see.
Lemma 2.4: Let 1 < p < . Then W e? is contained in W PP,
As an immediate consequence of Lemmas 2.3 and 2.4 we obtain the following

Theorem 2.2: Let 1 < p < co. Then W eP%? = W %P,

Lemma 2.5: Let 1 < p < co. Then W el;” is contained in W ey;” .

Proof: Let ¢ € W ep”. Choose (@ — ) >1/2.Since hyp = hy on S,, by virtue of

X
Lemma 7.5 of [2], to prove this lemma it is sufficient to see that h, z ¢ isin W eglx ’ 11//;1

The Hankel type transformation h, g ¢ of ¢ isin S, (Corollary 4.8 [1]). Moreover proceeding as

in the proof of Lemma 2.1, we can see that h, g ¢ can be holomorphically extended to the whole

complex plane.
Let T > 0. An argument similar to the one developed in Lemma 6.1 of [2] allows us to

write.
(hapd) (X) = % ](x(a + ir))_(a_ﬁ) Héll); (x(o + i) ¢ (0 +i1)

x (o +in)** do, x| > 1.
As in the proof of Lemma 2.2,

1

(hap @) () = 5 f + f (x(o + ir))_(a_ﬂ)Héll;

|lx(o+it)|<1  |x(o+it)>1]
X (x(o+i1)) ¢ (0 + it) (0 + i1)** do, [x| > 1.
We must analyze each of the two integrals.
According to (5.3c) of [2] we have, for every n,m € N — {0},
|(x (o + ir))_(a_ﬁ)
|x(o+it)|>1
< C x|t [© e (R@)=(10)o ¢ (4 + i1) (0 + i1)?*|do,
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< Claf2t=1 {2, erNe@Na-m(a(-Do)ao(3)) (5 4 srf2ey dg)

— 00

where |x| > 1, provided that 1 < p < oo. By Lemma 2.4 of [2],

[1(0)||o| < MX Lx)ll +M(a(1-1/0)|ol,0 € R, x € C)and ¥ € N,
a(1-7)

£>1.

Then

IRG)Ilo] = M (a(1 = 1/m)lol) < M¥ (Z22-) =M (a(3—1/n)l0l)

a(1-1/%)
whereo € R, x € Cand¥,n € N, n>1[1>1.
We assume now that R(x) > 0 and we choose t > 0 such that

R
Then again by Lemma 2.4 of [2],

R(x) = Q(b(1 + 1/m)7) + X ( RG) )

b(1+1/m)

Hence, Since (28 — 1) < 0and 1 < p < oo, we obtain for every |x| = 1and R(x) > 0

—(a=p)

|(x(a +1i1)) Ho(cll); (x(o + i) p(0 +i1) (0 + ir)4“| do

|x(o+it)|>1

<C eMX(a(ggxl)/‘t’))_ & (b(lﬁ(f}m))

o) p/ 1/27’
X (f_w(e_M(a(l/"_l/")k’D lo + iTIZ“) da) (2.7)

Iy ox (- RG)

<Ce X(a(l—l/f’) b(1+1/m))' nm? € N—{0}, 1<f<n

because
ffooo(e"M(a(l/{’"l/”)WD lo + iTIZ“)p, do <o .

If p = 1 or p = oo, we can proceed in a similar way.
On the other hand, by (5.3c) of [2]

(x(a + ir))_(a_ﬁ)

Hc(rll); (x(o + 1)) ¢ (6 +i1) (0 + ir)4“| do (2.8)

flx(a+i‘r)|£1
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o

< C |x|72(@P) j e~ (R@)T+IWIlol ¢ (5 4 iT) (0 + iT)| do

— 00

s (lieal )_Qx __R(x)
o <a(1_%) (b(1+1/m))’

x| =1
and
R(x) >0, form,£ € N— {0}, £> 1.

Hence from (2.7) and (2.8) we conclude that
X(1(14 L _oX(Y{_1_
|ha,ﬂ ¢(X)| < CeM (a(1+€—1)|1(x)|) f (b[1 m+1]R(x)) (2.9)
forevery |x| = 1and R(x) > 0,m,¢ € N, where £ > 1.

Since h, g ¢ is even, the corresponding inequality (2.9) also holds when R(x) < 0. Now let

|x| < 1. By using (5.3b) of [2] we deduce that

o

|hep p()| < C f et | g (8)] t** dt.
0

Proceeding as in the above case, we conclude that h, s ¢ € W eg;'l}l/ja J
Thus proof is completed.

Now we can prove the following result easily.

Lemma 2.6: Let 1 < p < co. Then W e;;” is contained in W e}/,

From Lemma 2.5 and 2.6 we obtain

Theorem 2.3: Let 1 < p < oo. Then W ely%” = W eyy> .
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